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SYNOPSIS 
This study compares the plastic behaviour of a near isotropic sheet metal 
at a constant straining rate under conditions of balanced biaxial and 
uniaxial tension with close attention being paid to the calibration of 
the apparatus and analysis of deformation. 
Plastic behaviour consistent with two stages of strain hardening was 
observed for biaxial tension but not for uniaxial tension. Further 
investigation to attempt to explain this behaviour by studying the 
variation of plastic anisotropy under uniaxial tension has revealed a 
variation in lateral strain ratio throughout the strain range. 
It is demonstrated that the difference in plastic behaviour observed for 
uniaxial and biaxial tension can not be attributed to experimental method 
but rather to the difference in constraint for the testing processes and 
that the high initial strain hardening rate is prolonged in hydraulic 
bulging. 
Following investigation of these phenomena it was concluded that the 
perceived behaviour of sheet metal under biaxial tension during hydraulic 
bulging is fundamentally different to that under uniaxial tension. 
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The forming processes involved in forming commercial sheet metal products 
do not often result in large regions of uniform strain distribution 
within the metal sheet. Indeed, there are often adjacent regions of 
vastly different strain distribution and different deformation processes 
such as stretching, bending or drawing. 
It is the phenomenon of plastic flow with strain hardening which allows 
crack-resistant sheet metal to deform with relatively uniform strain 
resulting in components of approximately uniform thickness. The process 
variables involved in producing the sheet metal will influence the degree 
to which the flow stress will change with strain and also the strain 
distribution developed within the metal due to plastic anisotropy. The 
development of critical strain or failure sites within the strain 
distribution will determine the limits of forming of the metal under 
forming conditions. 
Sheet metal forming processes subject the metal to a biaxial stress state 
in order to achieve the required component shape. The extent of 
deformation possible under the biaxial stress state is beyond the scope 
of traditional testing methods and many "simulative" testing methods have 
been developed to assess the behaviour of the metal sheet under actual 
forming conditions. 
The behaviour observed in small scale tests has proved to be difficult to 
3 0009 02908 8379 
correlate with production operations. Modern objectives of sheet metal 
testing are to characterise plastic properties. 
Most of the information on characterising plastic properties has been 
obtained by uniaxial tensile testing. Unfortunately the limit of uniform 
strain attainable in uniaxial tension is much less than is attainable in 
sheet metal forming operations, which generally induce a biaxial stress 
state. 
The hydraulic bulging test has been developed to characterise plastic 
behaviour to higher strain levels in biaxial tension. Until recently the 
problems associated with the testing method, such as ensuring a constant 
straining rate and calculation of the thickness and meridional radius of 
curvature of the bulge polar cap, have led to the test being neglected as 
a routine testing method. 
It is therefore necessary, in studying the plastic behaviour of 
anisotropic sheet metal using the hydraulic bulging test, to be able to 
achieve reproducible and meaningful test data and in particular a plastic 
stress versus strain relationship for constant straining rate under 
balanced biaxial tension. 
It is necessary to understand: 
i) The deformation mechanics involved in forming and the ranges 
of stable strain attainable under various testing conditions. 
ii) The effects of variable testing conditions on the perceived 
plastic behaviour and the methods used to characterise that behaviour. 
iii) The phenomenon of plastic anisotropy and its influence on 
perceived plastic behaviour. 
iv) The methods used to achieve uniform biaxial strain and 
constant straining rate and to derive the thickness and meridional radius 
of curvature of the bulge polar cap from surface measurements alone. 
CHARACTERISATION OF PLASTIC BEHAVIOUR 
Strain Hardening Relationships 
The method used to investigate the plastic behaviour and particularly the 
strain hardening characteristics of metals has been to compare the 
behavioural response under standardised conditions. The response is 
described as a change in flow stress with strain and is widely 
represented as stress versus strain data which is accepted as implying 
these things. 
In order to mathematically describe the plastic behaviour of metals many 
researchers have developed expressions, mainly based upon the concept of 
strain hardening and utilising the parameters strain hardening 
co-efficient and stain hardening exponent. Ludwik\ in 1909, proposed 
the equation 
<r = cr + A £ " (1) o 
where CT = instantaneous flow stress, 
C = instantaneous incremental strain 
and (y , A and n are constants giving the best fit to the plastic stress o 
versus strain curve. The constant n is commonly referred to as the strain 
hardening exponent. 
Hollomon , in 1945, proposed the reduced form of the Ludwik equation; 
cr = A£ " (2) 
where all symbols are as defined previously. More complicated equations 
3 have been proposed such as that of a) Voce ; 
cr = cr - ( o^ - cr) exp (-¿/^j,) (3) 
00 o oo 
where CT and CT are the threshold and saturation stresses o 00 
respectively and is a characteristic strain parameter; 
4 b) Swift ; 
cr = A( e )" (4) 
for use for concave upwards logCT versus log £ curves, and c) the more 
5 6 7 recent general power equation adopted by several authors 
cr = cr + ACe (5) o o 
In general the Voce equation has not been found to give good correlation 
for iron and steels but has found more acceptance for FCC metals. 
There appears still to be no consensus as to which of the relationships 
is the most suitable and indeed high degrees of experimental accuracy and 
precision are necessary to allow any differentiation to be made. 
Variation of Strain Hardening 
Gaining more acceptance are two-stage representations of stress versus 
strain using the basic Hollomon equation; 
log cr = n, l o g £ , + log k, for £ < £ 
1 1 1 c 
' ( 6 ) 
and log cr = n^ log S ̂  + log k^ for £ > 
where £ represents the critical strain at which the transition from 
c 
8 
stage 1 to stage 2 strain hardening occurs. Jaoul and Christ and 
9 Smith have described a two-stage effect observed by them using the 
Ludwik equation and Atkinson^^ ^^ has re-analysed the results of 
12 
Morrison and other workers for iron and low carbon steel to 
demonstrate a clear relationship between two-stage strain hardening 
behaviour and microstructural factors. 
A more recent trend in describing the variation in strain hardening rate 
has been to vary the strain hardening exponent 'n' rather than by 
changing the equation. 
Although not reported as two-stage strain hardening behaviour, this 
13 
phenomenon is apparent in the results of Ranta-Eskola for aluminium 
killed steel under biaxial testing conditions. The instantaneous n-value 
(dlno/dln ) vs strain results suggest a critical or transition strain of 
approximately 0.1, however Ranta-Eskola dismissed the effect as of no 
practical importance and fitted a basic Hollomon equation. 
1 4 A change in straining rate is implicit in the results of Wagoner for 
his assessment of, and further derivation from, the results of Bird and 
15 
Duncan . His instantaneous n-value versus strain data shows an 
apparent change in strain hardening rate at a strain of approximately 
0.15. 
16 
Ratke and Welch have more recently shown, for Aluminium, Steel and 
Copper, that the n-value varies continuously with strain. 
Plastic Compliance 
Atkinson^^ has proposed using a compliance approach to the analysis of 
plastic behaviour. His approach relies on the dependence of normalised 
compliance; 
normalised compliance = crd^/dcr' (7) 
on strain and has shown an almost linear increase of compliance with 
strain as compared with the more complex form of strain hardening with 
strain. 
For example, it is claimed that the form alone of the normalised 
compliance versus strain relationship can identify which of the strain 
hardening relationships is most suitable. The amount of strain achieved 
before the onset of plastic instability may also be easily observed. 
RANGE OF STABLE STRAIN 
Instability in ductile sheet metal refers to the localised deformation or 
"necking" which occurs at a constant applied force. This necking begins 
at maximum applied force where the increase in load carrying capacity of 
the metal, due to strain hardening effects, can no longer withstand the 
increase in stress resulting from the reduction in cross sectional area 
of the specimen. 
In sheet metal forming, the strain at which deformation becomes localised 
will determine the forming limit of the metal. 
18 
In his book, Dieter demonstrates the derivation of the Considere 
Criterion to show that under uniaxial tension, necking will occur at a 
strain at which the slope of the stress vs strain curve, do- / d£ , 
equals the true stress. 
ie ^ ^gj 
de 
if the flow curve of the material can be described by equation (2) 
then nA£" ^ = Ae" (9) 
and £ = n (10) neck 
Mellor , in his review of plastic instability in tension, has 
demonstrated the different strain levels attainable under different 
stress systems for materials whose strain hardening characteristics can 
be fitted by the empirical equation (4) of Swift. He has shown that the 
maximum strain attainable under various stress systems is as follows 
uniaxial tension e • max*-. (n) - £ 0 (11) 
balanced biaxial tension £ max (2n) - £ o (12) 
cylinder (closed ends) £ max (n//3) - ^ 0 (13) 
cylinder (open ends) 8 max (2n/.3) - ^o (14) 
spherical shell e max (2n/3) - ^o (15) 
20 
and under hydraulic bulging of a circular membrane, using Hills 
relation between stress and strain at instability 
£ = ( (4/11) (2n + D ) - £ (16) max o 
21 
The work of Hecker confirms that sheets stretched over a punch are 
more stable than sheets stretched in-plane and that these are in turn 
more stable than expanded thin walled tubes. 
The actual stable strain achieved using any testing method will be 
influenced by the geometry of the specimen, the method of deformation, 
and materials parameters such as strain hardening, strain rate 
sensitivity and plastic anisotropy. Punch tests encounter the added 
complexity of the influence of punch geometry and lubrication on the 
level of stable strain achieved. 
The hydraulic bulge test method offers the ability to attain high levels 
of stable strain, typically 0.55 for annealed low carbon steel, where 
n = 0.25 and 0. 
EFFECTS OF VARIABLE TESTING CONDITIONS 
The most comnion characterisation of plastic behaviour is the flow curve 
or stress versus strain relationship. Such a characterisation suggests 
that stress can be expressed as a function of strain only. Under routine 
testing conditions, for example the uniaxial tension test in industrial 
and many research applications, this assumption may be valid however for 
other deformation processes wider effects such as strain rate, 
temperature, strain history and temperature history should be considered, 
The general approach has been to investigate the influence of one 
variable on the behaviour of the material while all others are held 
constant. The effects of straining rate and temperature on mechanical 
behaviour have been most extensively investigated under these closely 
defined testing conditions. 
22 
Zener and Holomon proposed a relationship between stress and strain 
rate of the form; 
cr = Cj ( è ) " ( 1 7 ) 
e,T 
where T = temperature, C^ is a constant and m is a co-efficient known 
as the strain rate sensitivity and is defined as the ratio of the 
incremental change in logcT to the resultant change in logt for a given 
strain and temperature. 
1 e. 
m = 
log ( a^/ CT^) 
log ( ¿2/ è^) 
£ T 
(The subscripts 1 and 2 refer to values at low and high strain rate 
respectively) 
Generally, the strain rate sensitivity for metals increases with 
increasing temperature and strain. 
The effect of temperature on flow stress may be described by 




where Q = activation energy for plastic flow, R = universal gas 
constant, T = testing temperature and ~ ^ constant. 
22 
Zener and Hollomon suggested that flow stress could be related 
to temperature and strain rate using the following equation 
cr = f ( z ) (20) 
where Z is known as the Zener-Hollomon parameter and is defined as 
Z = £exp ( AH/RT) (21) 
where Ah = Q/m and all symbols are as defined previously 
As ^ H is not independent of stress the above relationship does not 
uniquely describe the flow curve. 
Another approach to account for the combined effects of strain rate 
23 
and temperature is that of MacGregor and Fisher who proposed a 
velocity modified temperature effect. 
cr = f (T ) (22) V 
where T = T (l-Kln(£/£ )) (23) V o 
» 
and K and are constants. 
24 
Lin and Wagoner have proposed a constitutive equation of the 
form. 
Q- = k ( £ + S )" (£/¿ [1+|3(T-T )] (24) o o ' o 
and have derived the constants k, £ , £ and fi from experimental o o ' 
results for particular metals. They have claimed close correlation 
for Armco IF steel. 
25 
In using this equation Doucet and Wagoner found that the 
temperature term could be neglected at room temperature but that it 
was necessary to maintain a constant straining rate, as this, and 
other relations cannot account for variations in strain rate within 
a test. 
When first proposed in the 1940's it was suggested that such equations 
represented a "mechanical equation of state" for solids, analogous to the 
equations of state for gases, which could predict the flow stress based 
on instantaneous values of strain, strain rate and temperature. 
It has since been demonstrated that strain rate and temperature can also 
influence structural changes during plastic deformation and that as such 
the strain rate and temperature history of the metal are of importance. 
In general the interrelation between all of the testing variables is not 
fully understood and the approach has been to ensure that all variables 
other than strain are held constant and to assess the variation of flow 
stress with strain only. 
This allows the generation of a representative stress and representative 
strain relationship of the form; 
Cr = f ( £ ) (25) 
¿,T, 6 history, T history 
PLASTIC ANISOTROPY 
The phenomenon 
The term plastic anisotropy, as applied to sheet metals, refers to the 
variation in material properties depending on the orientation of the 
applied stress to the direction of rolling. A variation in properties in 
different directions in the plane of the sheet is referred to as planar 
anisotropy and may lead, for example, to different levels of strain 
during cup drawing and hence the formation of ears. If the properties in 
the direction normal to the plane of the sheet vary from those in the 
plane, this is termed normal anisotropy and may lead, for example, to 
flange thickening and hence premature failure during cup forming. 
Causes 
The anisotropy intrinsic in sheet metals may be attributed to the 
alignment of the individual crystals of which the sheet is formed and to 
a lesser extent to the alignment of structural discontinuities such as 
inclusions, segregation and second phases. 
26 2 7 
It has been well documented by Bishop and Hill that metal crystals 
possess preferred slip planes along which the energy required for 
deformation is minimised. Isotropic sheet metal is considered to possess 
a random array of crystals such that the effect of preferred slip planes 
of individual crystals are "averaged out" over the entire sheet. The 
observed anisotropy of commercial sheet metals may be attributed to the 
alignment of these initially randomly arrayed crystals along preferred 
axes during processing operations such as hot and cold rolling and 
annealing. 
Evaluation 
Much initial investigation of anisotropic behaviour was carried out 
during the Second World War and subsequently published after the war by 
28 29 
Dorn , Hill and others. Other workers such as Lankford et 
30 
al. were concerned with the search for an anisotropy parameter by 
which to measure the degree of intrinsic material anisotropy and its 
relation to material behaviour. 
The most widely used of the anisotropy parameters has been Lankfords 
strain ratio or r-value, where r is the ratio of strain in the width 
direction ( £ ) to strain in the thickness direction ( ) for a w t 
particular specimen orientation ie. 
r = 
log (W^/W^) ^^^^ 
log (t /t^) o f 
or log (W /W ) p o f (27) 
log (W^l^/W 1 ) f f o o 
if constant volume is assumed. 
where W = original width o 
W^ = final width 
t = original thickness o ' • 
t^ = final thickness 
= original gauge length 
= final gauge length 
It is general practice to determine r-value at a length strain of 0.15, 
which is considered to be well into the uniform elongation region but 
below the strain at which necking begins. 
For perfectly isotropic material the r-values would be equal to one, 
however most materials exhibit a variation of r-value according to the 
orientation of the specimen within the sheet as shown in Figure 1. 
FIGURE 1 Variation of r~value with Specimen Orientation 
(from U.S.Steel publication "Sheet Metal 
Formability" 1984) 
The variation of r within the plane of the sheet is known as the planar 
anisotropy and is defined as 
r + r - 2r ^ 90 0 45 (28) 
where ^g^r and r^^ are the r-values obtained from specimens with 
o o o 
orientations of 90 , 0 and 45 respectively to the direction of 
rolling of the sheet. 
If r-values are averaged for specimens taken in the plane of the sheet 
the planar anisotropy effect (ie. variation) can be neglected and an 
average anisotropy value, r, obtained where 
^ " (29) 
As may be seen from Figure results from both equations (28) and (29) 
will depend on the starting position chosen. 
While such parameters are relatively simple to obtain using tensile test 
equipment, the procedure is laborious and requires precision in 
measurement. The stress-strain system involved in obtaining such 
parameters is also much different from that involved in actual forming 
operations and this has led to the development of other tests such as the 
31 32 33 various cup drawing tests and to parameters such as Limiting 
31 32 . . . Blank Diameter or Limiting Drawing Ratio. 
Cup drawing performance may be related to r-value as shown in Figures 2 
34 
and 3 after Keeler . Figure 2 shows diagramatically the relationship 
between ear height and r-value, with greater planar anisotropy resulting 
in larger ears. 
^ ¿ " ^ ANGLE BETWEEN TEST DIRECTION ANO ROLLING DIRECTJOfir 
^ ^ ROULINé " 
Í '' DIRECTION* 
FIGURE 2 Relationship Between Ear Height and Planar Anisotropy 
Figure 3 shows diagramatically that the degree of average anisotropy, r, 
will influence the amount of drawing possible before the cup fails. A 
higher r value will allow metal to be drawn directly from the flange into 
the die cavity, whereas a lower r value can result in a significant 
component of metal flow perpendicular to the flange plane resulting in a 
thickening of the flange and restriction of metal flow into the die 
cavi ty, 





r \ POOR 
DRAWABILITY 
FIGURE 3 Relationship Between Drawability and Normal Anisotropy (r) 
31 32 
Atkinson has demonstrated a general relationship between 
Limiting Drawing Ratio and Average strain ratio as shown in Figure 4 
after Keeler, 
FIGURE 4 Relationship Between Limiting Drawing Ratio and revalue 
This work indicates a correlation between forming performance and r-value 
but results of these simulative tests are complicated by effects 
unrelated to anisotropy such as machine geometry and lubrication. 
Recent Developments in the Evaluation of r-value 
Of late there has been an increasing awareness of the limitations of the 
average r-value or plastic strain ratio in describing the variation of 
anisotropy of sheet metal with strain. A number of investigators have 
employed increasingly more refined methods to investigate this variation. 
35 36 
Hu used successive determinations of r-value over the strain range 
to describe the variation of anisotropy with strain. He reported that the 
r-value of steel approached a value of 1 irrespective of whether the 
initial (ie low strain) r-value was greater or less than 1 and proposed 
that this was due to anisotropic strain hardening. Some debate followed 37 between Truszkowski , who attributed these changes in r-value to 
38 textural changes, and Hu who maintained that textural changes could 
not produce the relatively large changes in r-value observed. The 
39 
crystallographic work of Dabrowski, Karp and Bunge supported the 
claim that texture alone could not account for the variation. 
40 Arthey and Hutchinson reported that r-value did not vary beyond an 
initial period of inhomogeneous yielding associated with the Luders 
41 
front, however, in further work, Hu reported that he could observe a 
change in r-value towards unity with increasing strain even after the 
removal of inhomogeneous yielding by temper rolling. 
42 
Liu in his assessment of measurement techniques reported that for 
aluminium killed steel the relationship between width strain and 
thickness strain was in fact linear and that the perceived variation in 
r-value was a consequence of the observed result that the vs 
relationsihip did not pass through zero. He concluded that any deviation 
from the linear relation was due to experimental scatter. 
43 
Following from this, Liu and Johnson measured strain ratio for a 
number of metals, including aluminium - killed steel, using the method of 
Liu, and determined that the r-value was independent of strain. 
In all of the above cases the work was carried out using force relaxation 
and optical or mechanical measurement of the specimen at a limited number 
of data points. More recently instrumentation allowing continuous 
monitoring of gauge length variation has allowed a continuous 
determination of length and width strain over the entire plastic strain 
range. 
44 
Welch, Ratke and Bunge have proposed an instantaenous anisotropy 
parameter defined as 
= d e / d t . (30) w t 
to describe the variation of plastic strain ratio with strain, 
Welch and Bunge have reported for steel an initial drop in 
instantaneous r-value followed by a more gradual decline after 
approximately 2-j3% strain. They also maintained that the initial 
material texture could determine the initial instantaneous strain ratio. 
UNIAXIAL TENSILE TESTING 
Owing to its ease of operation and the belief that standard testing 
conditions can be maintained, the uniaxial tensile test has long been the 
standard method of determining strain hardening behaviour. It has also 
become the most widely used testing method for the study of plastic 
anisotropy since a specimen subjected to a uniaxial tensile force is 
unconstrained in the perpendicular directions,and anisotropy is 
manifested as different strain levels in the three orthogonal directions. 
The assumption of constant conditions, particularly of constant straining 
rate and constant temperature, has been shown to be unfounded. By 
definition strain rate 
de d[ln(L/L )] = o 
dt^ dt^ 
1 dL 
L dt t 
(31) 
where t^ = time, v = crosshead velocity and L = instantaneous gauge 
length. For standard screw type tensile testing machines "v" remains 
constant but "L" increases with increasing strain resulting in a 
46 
decreasing straining rate. Holbrook has shown that the strain rate 
obtained from tensile testing is relatively constant but that this is due 
primarily to the fortuitous compensating effects of other factors, such 
as the variable strain profile along the gauge length due to specimen 
47 48 49 geometry. MacGregor and others have also demonstrated that 
the strain distribution along the tensile specimen gauge length varies 
50 51 
significantly. Recent studies have also indicated that localised 
high temperatures may be generated during uniaxial testing. 
32 33 46 Generally, the work of Atkinson and others has shown that the 
uniaxial test can produce a wide variation of test results and requires 
the same attention to detail required of the more complex testing methods 
BALANCED BIAXIAL TESTING BY HYDRAULIC BULGING 
The need for biaxial stress testing has arisen from the need to extend 
the knowledge of plastic behaviour beyond the strain range allowed by 
uniaxial testing before the onset of instability. 
The hydraulic bulge test is considered to be the most convenient of the 
available biaxial tensile testing methods as it does not require 
complicated testing procedures and produces, for a circular die aperture, 
a balanced biaxial stress system at the bulge pole and is not 
susceptible to the effects of stress concentration factors inherent in 
52 
other testing methods. Although used by Jackson, Smith and Lankford 
in the 1940's, the complexity involved in calculating the correct stress 
and strain distribution at the bulge pole particularly for anisotropic 
materials has resulted in its failure to be adopted as a routine testing 
method. 
By its nature the hydraulic bulge test introduces bending of the specimen 
to form a curved surface. The curvature of the surface changes with 
53 54 
distance from the bulge vertical axis, however Bramley and Mellor 
55 56 
and others have shown that in the polar region the variation in 
radius is negligible even for anisotopic material^^ and that therefore 
a spherical form may be assumed. 
It is also true that the strain distribution changes throughout the test. 
It is thus necessary to determine an instantaneous representative strain 
in the polar region which requires the determination of the thickness 
strain at the pole (and radius of curvature for stress analysis). This 
cannot be measured directly. The easiest method available has been to 
measure the surface strain of the bulge polar region using extensometers 
and to calculate a representative strain. 
The potential value of the test has prompted the continued development of 
the testing procedure and the analysis of the results to the extent that 
58 the test is being more widely reported, in Japan by Murayama et al 
59 60 Bangladesh by Ilahi , Kuwait by Ragab and Abbas as well as in the 
61 62 63 13 64 65 66 UK Canada , Finland , the USA and Australia . To 
date it is not evident that this activity has resulted in a full 
understanding of the complex requirements for accurate stress and strain 
determination or for the need for straining rate control. 
The development of the test has involved the refinement of the testing 
procedure, particularly the development of instrumentation to allow the 
continuous measurement of strain, the control of straining rate and the 
development of accurate means of calculation of stress and strain. 
FUNDAMENTALS OF HYDRAULIC BULGE TEST MACHINE DESIGN 
Die Aperture 
The choice of bulging die aperture diameter has presented investigators 
with a dilemma. If bending stresses are to remain negligible and the 
pressure required for deformation is to remain relatively small, thus 
maintaining the validity of the assumption of negligible normal stress in 
the bulge, then the largest die diameter practicable is desirable. 
However it is necessary to generate bulges of reasonable diameter in 
order to precisely measure bulge height and radius of curvature so that 
strain may be calculated. 
59 56 Ilahi and Ranta-Eskola have recently explored the influence of 
die diameter on the results obtained and both have reported that die 
diameter can influence results. However, as will be discussed later, the 
method of strain determination adopted by Ilahi is prone to such 
influences. Ranta-Eskola has shown that, by accurately determining the 
meridional radius of curvature, the influence of bulge radius on 
experimental results can be greatly reduced. 
The majority of investigators have employed hydraulic bulging test 
machines with die aperture diameters of 100mm to 150mm to test, for 
example, low carbon steels of approximately 1mm thickness. The larger 
machines allow for the testing of thicker and/or stronger materials. 
A number of investigators have employed elliptical die apertures to 
induce differential, biaxial stress states in the test material. A 
circular die aperture resulting in an hemispherical bulge will induce 
balanced baxial tension at the bulge pole. 
Strain Rate Control 
The control of the hydraulic oil supply has developed from the simple 
52 
application of a known pressure by a pump used by Lankford et al 
Mellor^^ initially applied a constant pressure to the specimens and 
later a constant volume flow rate to the bulge chamber. It is this 
practice which has been followed until recently by most investigators 
Close analysis of the implications of this procedure has indicated that 
the strain rate increased dramatically throughout the test, typically 
56 
tenfold, resulting in a 5% increase in flow stress 
Duncan et al^^ first attempted to achieve a constant straining rate by 
using a parallel plate restriction and the equivalent spring 
characteristic of the bulge to produce an exponential build-up of 
pressure in the bulge chamber. 
Since that time the trend of most investigators has been towards 
servo-controlled testing machines, advocated in 1971 by Atkinson and 
Graham^^ and more recently by Ranta-Eskola^^ and Wenner^^ to 
maintain a constant straining rate for the duration of the test. The 
constant: straining rate is maintained by most investigators^^ ^^ by 
using the extensometer reading as a feedback control to the servo-valves. 
Measuring Techniques/Testing Procedures 
The testing procedure can vary considerably depending largely on the 
method adopted to measure the shape of the bulge polar cap and hence the 
polar strains. All investigators have used a circumferential clamp to 
hold the metal sheet and have introduced an hydraulic fluid into the 
bulge chamber at a measured pressure. The test then proceeds 
continuously or requires interruption. 
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Lankford et al used a photogrid and optical measurement of surface 
strain and also experimented with the use of strain gauges. Some 
investigators have continued to use photogrids and optical 
measurements ^^ ^^ ^^ but have suffered from the need to interrupt the 
bulging process to make measurements. This in turn has required either 
the relaxation of the fluid pressure, and the need to account for elastic 
springback, or the dangerous procedure of manually measuring the bulge 55 
while under pressure. Mellor has also demonstrated that the effects 
of creep while the specimen is under pressure can influence the results 
obtained. 
70 71 
The attempts by some workers to determine polar strain from bulge 
height measurements alone proved unsuccessful and the method adopted and 
currently used by most investigators is to use an extensometer and 
spherometer, often integral, to determine the shape of the bulge polar 
cap. 
The physical size of the extensometer/spherometer is determined by 
practical considerations and the requirement to restrict chord length to 
the region of the bulge where the assumption of uniform spherical form is 
valid^^ Duncan^^ proposed, in relation to his 100mm bulging die, 
that an extensometer chord length of approximately 20mm was optimum and 
69 this has been confirmed recently by Wenner for 150mm bulging 
machines. Some investigators advocate the use of a separate extensometer 
64 69 
and spherometer (eg Wenner asserts that the spherometer chord 
length should be longer than that of the extensometer based on 
Ranta-Eskola's assertion that the spherical region of the bulge is quite 
extensive). 
These instruments have been developed to allow a continuous measurement 
of bulge polar cap height and diameter to be made. Modern developments 
such as holographic photography, reported by Christian, Vial and 
Hosford^^, if proved to be successful, offer the benefits of continuous 
measurement without the potential problems of extensometer slippage or 
specimen deformation associated with contact type extensometers and 
spherometers. 
DETERMINATION OF REPRESENTATIVE STRESS AND STRAIN FOR HYDRAULIC BULGE TEST 
Strain Analysis 
Early workers used strain values calculated from the areal expansion 
of a plane defined by the extensometer gauge length ie 
= ln(A/A ) = 21n(C/C ) (32) o o 
where A = instantaneous area 
A = original area o 
C = instantaneous chord length 
C^ = original chord length 
For large testing machines and common extensometer chord lengths the 
errors involved in such a determination are likely to be significant. 
Using the relationship; 
e = - i^TZ 26 (33) t m 
56 65 72 recent workers have concentrated on determining the meridional 
strain ( £ ) of the polar cap from measurements of surface strain m 
59 63 64 
(although some have continued to use the original areal 
expansion form). They have proposed a relation of the form; 
£ = ln(Vw/C ) (34) m o 
for meridional strain where tu and C^ are as shown in Figure 5 
FIGURE 5 Geometrical representation of bulge polar region 
Various attempts have been made to determine if andtu accurately such as 
¿a 
Atkinson and Graham's ; 
S = ln[ (R-t/2)/C ] o (35) 
where R = radius of bulge outer surface and t = the polar thickness 
Later they proposed; 
6 = 21n([4irtan ^ (2h/C)]/C ) (36) o 
where h is shown in Figure 6. 
Both equations were shown to be inaccurate. 
Atkinson^ in 1979^^ took the above relation and developed it further to 
account for the strain distribution in the bulge polar cap using Hill's 
special solution^^^ to give an explicit solution for strain ie. 
<£ »ln([(C + 4h )/C C] -8t h/C ) (37) o o 
The work of Atkinson is supported by the findings of Mellor and 
74 Chakrabarty that there is a strain variation in the polar cap. 
56 
Ranta-Eskola has proposed a formulation for thickness strain taking 
into account the effects of planar anisotropy, however he does not appear 
to have used this formulation in his work, using instead an empirically 
determined constant to determine V ; 
ie. ^ -0,6t (38) surface o 
Stress Analysis 
For a thin membrane the stress normal to the sheet is negligible and 
therefore, due to geometrical symmetry, the stress state at the pole of a 
75 
bulged specimen is one of balanced biaxial tension . Since the 
hydrostatic stress component has no effect on yield, the membrane stress 
at the pole of the bulge has the same magnitude as a stress normal to the 
sheet performing equivalent deformation and is taken as the 
representative stress. 
It is acknowledged that there must be some bending stress contribution 
but it is assumed that for thin materials, where the ratio of thickness 
to bulge diameter is sufficiently small, the bending stress contribution 
is negligible. 
It may be shown that the general form of the bulge is not spherical 
however the work of Bramley and Mellor^^ ^^ and others^^ has shown 
that in the polar region the variation in radius is negligible and that 
therefore a spherical form may be assumed. This allows the value of 
stress at the bulge pole to be calculated from the relation; 
cr = PR/2t (39) 
where P = hydraulic pressure, R = a representative radius of curvature of 
the polar region and t = the thickness of the bulge polar region. 
Much effort has been devoted to the problem of obtaining accurate values 
of polar thickness and radius of curvature. In equation (39) 't' may be 
calculated using any of the strain distributions discussed previously and 
P may be measured directly. Mellor in his classic analysis of the 
bulging of sheet steel proposed the simple relation; 
R = (a^+h^)/2h (40) 
for "R" in (39) where a, h and R are as shown in Figure 6 
a 
FIGURE 6 Measurements at bulge polar region 
This relation results in the use of the outer surface radius for stress 
calculation and takes no account of the non-uniform thinning in the polar 
59 63 69 region, however some investigators have continued to use this. 
56 Others, such as Ranta-Eskola have used an empirically determined 
value such as given by equation (38) to account for the above noted 
76 
discrepancies while Atkinson has contrived a geometrical model to 
determine ^ accurately; 
2 1 / 2 ie. ^ = [R(R-t C /8hR) (41) o o 
72 
It has been found that the best correlation with experiment is 
obtained if equations (37) and (41) are substituted into equation (39) 
Results of Hydraulic Bulge Test Investigations 
52 
Jackson, Smith and Lankford reported in 1948 that the apparent flow 
stress of steels was greater under conditions of bulging testing than 
under conditions of uniaxial tensile testing. They also appreciated that 
this could be due to material anisotropy and that isotropic material 
should behave similarly under both testing conditions. 
29 77 Also in 1948, Hill proposed a modified form of the Von Mises 
yield equation to account for the influence of anisotropy on flow 
stress. He proposed a relationship between flow stresses achieved under 
uniaxial and biaxial tension and the plastic strain ratio; 
/ 1+r 
biaxial / (42) 
uniaxial 
where r = the plastic strain ratio. 
It is the Hill Criterion which has been most extensively used to describe 
the variation in the levels of flow stress achieved by anisotropic 
materials under uniaxial and biaxial testing conditions. 
The apparent phenomenon of the flow stress being different under biaxial 
testing conditions to that under uniaxial testing conditions has been 
16 59 78 79 80 81 82 , reported by many workers however only Ranta -
Eskola^^ has reported close agreement when Hills relationship was used 
to account for anisotropy. 
8 3 
In 1979 Hill modified his original criterion to give a more general 
form and account particularly for metals with an average anisotropy less 
than one. 
^ . . , / .P-1 (43) uniaxial ' 
This relationship has been used extensively by Mellor^^ ^^ and his 
co-workers to obtain good correlation with experiment for p-values of 1.5 
for rimmed steel (r=0.72) and 2.0 for killed steel (r=1.5) and Ragab and 
60 
Abbas have reported close agreement for aluminium with a p - value 
of 1.7. However, it is generally accepted that p = 2 . 0 for killed steel, 
and that therefore the original criterion remains suitable for this 80 81 82 material. Therefore the reports of the earlier workers (ie. pre 
1979) that Hills equation did not account for the differences in flow 
stress in uniaxial and biaxial testing remain valid. A more recent 
59 
report by Ilahi also questions the validity of Hills equation in 
describing the behaviour of aluminium killed steels. 
It should be noted that to date there has been no calibration conducted 
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as suggested by Jackson et al in the 1940's to compare the behaviour of 
an isotropic material under uniaxial and biaxial testing conditions at a 
constant straining rate. 
A review of the literature has revealed that 
1. A need exists to be able to test metals to a level of stable 
strain beyond that allowed using uniaxial tension tsting and that 
the hydraulic bulge test offers a convenient means of achieving 
thi s. 
2. The effects of plastic anisotropy on the behaviour of sheet metal 
are considerable but not fully understood. It would appear that 
Hills relationship is either inadequate or not properly applied as 
it has not confidently been demonstrated to describe the variation 
of flow stress with stress state for high strain ratios except in 
some cases where strain rate control has not been exact. 
Anisotropic theory also assumes a constant strain ratio over the 
strain range however recent evidence suggests a variation. The 
small number of researchers' using continuous extensometers results 
in a limited amount of information on this subject. 
3. There is some uncertainty about which is the best method of 
characterising plastic behaviour. The stress verses strain 
relationship remains pre-eminent however investigation is 
continuing to describe the variation of strain hardening rate with 
strain. Recent work supports the need to maintain all variables, 
particularly straining rate, constant during testing and to vary 
only the level of strain. 
4. The hydraulic bulge test has been developed to a stage where 
accuracy of measurement should be assured. Constant straining 
rate mach-ines and accurate, continuous extensometers are available 
and accurate analysis techniques are proposed, however there 
appears to be no demonstration of the accuracy of the testing 
procedure which would allow the conclusions usually inferred. In 
particular the stress analysis has not been verified and few 
researchers posess equipment allowing a constant straining rate to 
be achieved. 
EXPERIMENT 
In order to meet the objectives of the study and reduce the uncertainty 
revealed by a review of the literature it was determined to incorporate 
the following in the experimental programme: 
1. The selection of suitable ductile, isotropic and anisotropic, 
sheet metals. 
2. The use of a large apperture hydraulic bulge test machine 
incorporating straining rate control and accurate instrumentation 
to enable the testing of metals to high levels of stable strain. 
3. The use of a screw operated, moving crosshead type, uniaxial 
testing machine and accurate instrumentation (including continuous 
width extensometer) to enable the testing of metals using 
"conventional" testing techniques. 
4. The extensive use of computer analysis to process and present data 
in a number of forms. 
DUCTILE SHEET METAL 
Material Selection 
Two basic ductile sheet metal types were required for this study. 
i) a material as nearly as possible isotropic, particularly through 
thickness or normal isotropy ie r = 1 . 
ii) a material with pronounced normal anisotropy ie r 1. 
Because of its body centred cubic structure, its wide application and the 
extent of research carried out on it, low carbon steel offers the 
opportunity of obtaining a selection of samples across a wide range of 
behavoural characteristics. 
The materials chosen for this study were low carbon, aluminium killed, 
steels produced by BHP Slab and Plate Products Division and further 
processed at that works or at the nearby Coated Products Division works. 
A number of different steel grades were investigated by collecting data 
which described the processing history of the material. To determine 
their ultimate suitability all prospective steels were tested according 
to AS2403-1980 to determine plastic strain ratio and level of normal 
anisotropy (4 specimens of each direction were tested and averages 
calculated). 
The steels chosen for this study were:-
i) two 2.0]nin thick hot rolled and pickled steels of different 
grade, hereafter refered to as HOT ROLLED STEELs A and B . 
ii) a 2 . 6 4 i n i T i thick hot rolled and pickled steel which had been 
ground equally on both faces to a thickness of 2.0niin in an attempt 
to remove the pre-strain effect of the scalebreaking process prior 
to pickling, hereafter refered to as HOT ROLLED STEEL C. 
iii) a 1.05mm thick steel which had undergone cold rolling, 
annealing and temper rolling to produce a steel suitable for deep 
drawing applications, hereafter refered to as TEMPER ROLLED STEEL. 
Specimen Selection 
For each steel type, specimens were cut from the parent sheet such that 
properties would be duplicated in tensile and bulge specimens. Figure 7 
shows that tensile and bulge specimens were cut from adjacent areas of 
sheet, B indicates the source of bulging specimens and T indicates the 
source of tensile specimens. 
All specimens were marked with a distinct identification code identifying 
i) Steel type - Hot Rolled Steel A,B or C or Temper Rolled 
Steel. 
ii) Rolling direction. 
iii) Replicate specimen number. 
Specimens were identified as follows:-





CIB, C3A diagonal 
C2A, C4A rolling 
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FIGURE 7 Specimen Location 
BIAXIAL TESTING BY HYDRAULIC BULGING 
Apparatus and Procedure 
The configuration of the machine is shown in Plates 1 and 2 and has been 
8 5 
described by Atkinson . The bulge chamber was 150mm diameter 
requiring a specimen of approximately 230mm diameter by up to 3mm thick. 
The specimen was mounted by opening the swing-out top, centralising the 
specimen, closing the top and clamping the specimen with an annular clamp 
designed to allow material to be drawn into the bulge from the specimen 
periphery. Before mounting, the initially square specimens were trimmed 
to roughly circular form to ensure an even flow of material into the 
bulge. The centre of the specimen was marked with pencil and the 
extensometer placed at the centre of the specimen to within 1mm of the 
pole. Straining rate was set at 0.014/sec on the control panel and the 
test activated. The specimen was strained by the introduction of 
hydraulic oil (a pressure of up to 20 000 kPa was available) through an 
orifice in the bottom block and the test was terminated when a pressure 
drop was detected in the bulge chamber (ie at point of instability). 
Pressure, bulge height and bulge chord length signals were recorded on a 
4 pen chart recorder for later digitisation into computer data files. 
The machine was switched off between tests to maintain a constant oil 
temperature. 
Piafe 1 ßwloeTcsf Mach ine. 
Piafe Z ßu Chamber 
Control 
Control was achieved by means of servo control of the oil flow into 
the bulge chamber. As this flow was variable and controllable it 
was possible to control and alter the strain rate of the material 
under test. For this study the control system was set up to achieve 
straining rates comparable with those experienced under industrial 
forming conditions ( typically 1/sec for a press forming to 10/sec 
for beverage can production ). This required the installation of a 
large servo valve which could not produce constant straining rates 
at low rates of strain. 
For this reason the test programme was conducted at straining rates 
higher than desired. 




Instrumentation .consisted of a pressure transducer in the bulge chamber 
to provide a signal for use in calculating stress and a combined 
extensometer/spherometer embodying the principles of the extensometer 
used for uniaxial testing (ie. free from parallax error) and which formed 
an integral part of the hydraulic bulging test system (providing feedback 
for strain rate control). The extensometer/spherometer consisted of two 
movable extensometer legs with an initial gauge length of approximately 
19mm and operating a linear position transducer, and a co-axially located 
direct operating height transducer. A view of the extensometer/ 
spherometer is shown in Plate 3. 
P l a l g 3 E x f e n s o m f i l e r S p b e r o m e l a r 
Calibration 
The pressure transducer was calibrated before the testing programme began 
using an Hydraulic Deadweight Tester and the extensometer and height 
transducer were calibrated before and after each set of tests. 
Calibration of the extensometer required the mounting of the extensometer 
on a scribed steel rule. The extensometer voltage output signal was 
recorded and marked with the measurement read from the rule in mm using a 
travelling microscope with vernier scale. Statistical analysis of the 
test results showed a variation under identical conditions of less than 
1% of the measured extension. 
Calibration of the height transducer required the mounting of the 
extensometer on a flat plate and measuring different heights using Slip 
Gauges. The voltage output signal was marked with this height in mm. 
UNIAXIAL TESTING 
Apparatus and Procedure 
The uniaxial tensile testing machine used was a "hard", screw operated, 
moving crosshead type. Specimens were machined to the standard profile 
shown in Figure 9 with edges ground to remove burr and any cold worked 
region remaining after machining. Specimen width was then measured at 
five points along the gauge length and the average calculated before the 
specimen was mounted using pin and clevis grips and strained by driving 
the crosshead at a constant selectible speed. 
A straining rate of 0.0014/sec was chosen for all tests of the temper 
rolled steel and the majority of the tests of the hot rolled steel. 





FIGURE 9 Uniaxial Test Specimen 
Instrumentation 
A stiff strain gauge load cell was used for determination of force. 
Specimens used for manual strain ratio tests were lightly scribed with a 
gauge length of approximately 50mm which was accurately measured using a 
travelling microscope attached to a vernier scale giving an accuracy of 
measurement of 0.05mm in 50mm or 0.1%. Width measurements were taken at 
10mm intervals along the gauge length using a micrometer and the readings 
were averaged. Accuracy of these readings was 0.001mm in 10mm or 0.01% . 
The specimens were then strained in increments of approximately 2% and 
the procedure repeated until instability was reached. Strain ratios 
( F / £. ) were calculated for each strain increment. For the w t 
continuously monitored tests two suspended extensometers were used to 
measure length and width strains. The length extensometer was of short 
gauge length ( 20mm) and was designed specifically to be free from 
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parallax error (as described by Atkinson ). The width extensometer 
was also of short gauge length ( '^12mm) and of the simpler calliper type 
design in view of the smaller range of extension required. Both 
extensometers were suspended from the machine frame to ensure that the 
specimen experienced no forces other than the applied uniaxial force. 
The extensometers were calibrated before and after each set of tests. 
Calibration 
Calibration of the load cell was carried out before the testing programine 
began using a Load Measuring Ring (This was further calibrated using a 
Denison Deadweight Tensile Tester). Calibration of the extensometers 
required the mounting of the extensometers on a scribed steel rule. The 
extensometer voltage output signal was recorded and marked with the 
measurement read from the rule in mm using a travelling microscope. 
Statistical analysis of the test results showed a variation under 
identical conditions of less than 1% of the measured extension. 
All signals were recorded on a 4 pen chart recorder and were later 
transferred to computer data files using a digitising table. 
COMPARISON OF CALCULATED AND MEASURED BULGE POLAR THICKNESSES 
Chart recorder charts were marked with the extensometer and height 
transducer voltages attained at the point of termination of the bulging 
test and from these the displacements were calculated. These values were 
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then substituted into the equation proposed by Atkinson to produce 
predicted values of bulge polar thickness. 
These values were compared with measurements obtained using a dial gauge 
to measure the thickness of the bulge at the pole. The dial gauge was 
moved systematically within a radius of 1mm from the pole and the average 
value taken (in practice the measurements did not vary within this 
area). The resolution of the dial gauge was 2/1000". 
MATERIAL SPECIFICATIONS 
Hot Rolled Steel A 
RESULTS 
Thickness 2. OiTiin 
Analysis : 0.04%C; 0.25%Mn 
Hot Coiling Temp : 600°C 







Hot Rolled Steel B 
Thickness 
Analysis 












Hot Rolled Steel C 
Thi ckness 
Analysi s 
Hot Coiling Temp 
Cold Work 
2 . 6 4 i m n initially, ground to 2 . 0 0 i n i T ] 
0.06%C; 0.22%Mn 
600°C 
scalebreaking prior to pickling 0.5% strain, 
Plastic Strain Ratios:-
average 0.84 0.97 0.91 
A r 
-0.10 0.92 




: 0.06%C; 0.22%Mn 
Processing History: Hot Rolling, Cold Rolling, Annealing and Temper 
Rolling to remove yield point ( 0.75% strain ). 
Plastic Stain Ratios: 
average 
o 45 90 





BALANCED BIAXIAL TESTING 
Calculated and Measured Polar Thickness. 
The comparison between calculated (by equation (41)) and actual bulge 
polar thickness at a strain of 0.60 is shown in Table 1 below. 
TABLE 1 Calculated vs Measured Polar Thickness. 
CALCULATED MEASURED 
THICKNESS THICKNESS 
( i n i T i ) ( 1/1000") ( m i n ) 
Specimen 1 0.997 38 0.997 
Specimen 2 0.998 38 0.997 
Specimen 3 0.998 38 0.997 
Specimen 4 0.995 36 0.991 
Measured thicknesses shown are an average of five measurements taken 
systematically within a 1mm radius of the bulge pole. Actual measurements 
did not vary within this area. 
For all specimens, measured values agreed with calculated values within 
the limits of measurement accuracy. 
Extensometer Calibration 
Figures 10 and 11 show the consistent linearity of extensometer and 
height transducer signals. For the length extensometer the results of two 
calibrations are shown superimposed. 
Straining Rate Control 
Figure 12 shows a typical example of the constancy straining rate 
achieved with the hydraulic bulging test machine operating at the lower 
limit of its strain rate range (as currently configured). The strain 
rate at the limit of stable strain (approximately 0.55) varies by 
approximately 8% from the strain rate at the beginning of the test. 
LENGTH EXTENSOMETER CALIBRATION 
mm - 0 .917*V+19.20 
• teat 1 
mm 
+ test 2 
FIGURE 10 Calibration - Length extensometer 
HEIGHT TRANSDUCER CALIBRATION 
mm =• 0.243*V 
Height of Slip Gauges (mm) 
FIGURE 11 Calibration - Height Transducer 
HOT ROLLED STEEL 








































Table 2 shows the variation of stress with strain for the two steels. 
It appears that the alignment of the extensometer on the specimen has a 
significant influence on the measured plastic behaviour of the Temper 
Rolled Steel. 
For both the Temper Rolled Steel and the Hot Rolled Steels, results 
indicate an apparent change in strain hardening rate with strain as may 
be seen as a change of shape of the log stress versus log strain curves 
shown in figures 13, 14, 15 and 16. 
The strain hardening rate appears to be essentially constant over two 
distinct strain ranges, however it is also apparent that the transition 
from one strain hardening rate to the other is not instantaneous as 
suggested by equation (6) but rather more gradual. Table 3 shows the 
extent of the strain "transition zone" and the numerical values of the 
two strain hardening rates. 
The normalised compliance versus strain relationships calculated using 
unsmoothed data exhibit a large amount of "scatter" at high strain levels 
attributable to the increasing sensitivity of the numerically determined 
relationship crA £ / A G ^ to inacuracies in the diminishingly small ACT 
term. Figure 17 shows an example of the unsmoothed form of the plastic 
compliance relationship for deep drawing steel and Figure 18 an example 
of the smoothed form using a 9-point linear regression analysis as 
described in the appendix. No discontinuity, which would suggest a sharp 
change in strain hardening rate, is apparent. 
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HOT ROLLED STEEL C 
Specimen ... 1 0 3 BIAXIAL ROLLING 
4 -1.3 -1.1 -1.0 -.9 -.8 -.7 -.6 -.5 -.4- -.3 -.2 




















































TEMPER ROLLED STEEL 
Specimen R2 
2.4 
- 1 . 4 - 1 . 2 •1 - 0 . 8 
LOG STRAIN 
- 0 . 6 - 0 . 4 -0.2 
(Ti 
Ln 
TABLE 3 Strain Hardening Exponents (Biaxial) 
Specimen Lower' deviation pt Upper deviation pt 
Hot Rolled Steel A 
"l "2 
B1 0.11 0.14 0.20 0.15 
B2 0.10 0.11 0.20 0.16 
B3 0.11 0.12 0.18 0.16 
B4 0.11 0.12 0.19 0.17 
Hot Rolled Steel B 
Al 0.14 0.19 0.23 0.17 
A2 - 0.17 - 0.17 
A3 0.11 0.13 0.26 0.17 
A5 0.11 0.13 0.24 0.17 
Hot Rolled Steel C 
101 0 . 1 0 0 . 1 1 0 . 2 1 0 . 1 8 
102 0 . 1 0 0 . 1 6 0 . 2 1 0 . 1 8 
103 0.13 0.16 0.19 0.17 
104 0.12 0.17 0.19 0.17 
105 0.12 0.16 0.19 0.17 
Temper Rolled Steel 
R1 0.16 0.22 0.17 0.12 
R2 0.14 0.16 0.20 0.14 
R3 0.15 0.17 0.19 0.13 
T4 0.15 0.17 0.15 0.13 
T5 0.14 0.17 0.19 0.13 
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Simple Strain Analysis 
Figures 19 and 2-0-offer a comparison of the relationships for hot rolled 
material under biaxial test conditions when analysed using the method of 
65 
Atkinson to calculate polar meridional strain (+) and the simplified 
62 
areal expansion method (x). Note that for the simplified analysis 
the initial stress and strain levels are greater but that the difference 
in strain values decreases at larger strains thus emphasising the 
apparent two-stage strain hardening behaviour. 
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UNIAXIAL TENSION 
Extensome+.er Calibration 
Figures 21 and 22 show the consistent linearity of the two extensometer 
signal s. 
Plastic Behaviour 
Flow stress was seen to vary with the orientation of the specimen for the 
Temper Rolled Steel and with the straining rate for the Hot Rolled Steel. 
Table 4 shows the variation of stress with strain for the two steels. 
The general form of the log stress versus log strain relationships 
suggests an essentially constant strain hardening rate over the range of 
stable strain. Figures 23,24,25 and 26 demonstrate examples of this 
behaviour. The Hot Rolled Steel specimens strained at 0.0014/sec exhibit 
an apparent slight variation in strain hardening rate commencing at a 
strain of approximately 0.08. Table 5 shows the numerical values of thé 
strain hardening rates calculated between 0 and 0.08 strain (n^) and 
between 0.08 and 0.20 strain (n^)• 
The normalised compliance versus strain relationships calculated using 
unsmoothed data exhibit a large amount of "scatter" at high strain 
levels. Figure 27 shows an example of the unsmoothed form of the plastic 





FIGURE 21 Calibration - Length extensometer 
CONTRACTOMETER CALIBRATION 
mm«0.7U:i»Y+14.29 
FIGURE 22 Calibration - Width extensometer 
TABLE 4 Variation of Stress with Strain (Uniaxial) 
Specimen Orientation Strain Rate 
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- 1 . 4 - 0 . 8 
LOG STRAiH 
TABLE 5 Strain Hardening Exponents (Uniaxial) 
Hot Rolled Steel-A 
CIB 0.18 0.18 
C2A 0.18 0.18 
C3A 0.19 0.18 
C4A 0.17 0.15 
Hot Rolled Steel B 
D1 0.22 0.21 
D2 . 0.21 0.22 
D3 0.17 0.19 
D4 0.22 0.21 
Temper Rolled Steel 
D2 0.2 2 0.2 2 
D3 0.20 0.20 
D4 0.20 0.20 
L2 0.20 0.20 
L4 0.21 0.21 
L5 0.21 0.21 
T2 0.21 0.21 
T3 0.20 0.20 
T4 0.21 0.21 
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Conventioiial Strain Ratio Tests 
Results from initial tests using Temper Rolled Steel involving manual 
measurement of length and width strains, and calculation of r-value, 
display the wide range of experimental uncertainty associated with this 
measurement method, especially at low strain levels. The solid line 
represents the trend of the r-value with strain and the points above and 
below this line denote the extent of experimental uncertainty associated 
with the calculation of r at that strain level. 
It can be seen in figures 29,30,31,32 and 33 for Specimens MD1,MR1,MR2, 
MTl and MT2 respectively that there is an apparent variation of r-value 
with strain which cannot be explained by experimental uncertainty. 
STRAIN RATIO 
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FIGURE 33 r-'value vs Strain - Test Interupted for Measurement 
Continuously Monitored Strains 
Graphs of thickness strain versus width strain exhibit the following 
phenomena. 
1) A number of specimens from each orientation (D3, D4, L3, L4, 
L5 and T4) exhibit an apparent increase in the ratio of 
thickness strain to width strain with increasing strain as 
shown by an upwardly concave form of the vs 
relationship. The remaining specimens maintain an apparently 
constant ratio as seen by the linear form of the 
relationship. Figure 34 shows an example of this behaviour 
for specimen D3. 
ii) The extrapolation of the thickness versus width strain 
relationship to zero width strain suggests an apparent 
initial non-zero level of thickness srain. Figures 35 and 36 
show examples of this behaviour for specimens L2 and L5. 
Table 6 gives extrapolated values for at = 0. 










at £ =0 





















iii) A number of specimens (D2, L2, L4, T2, T3 and T4) exhibit a 
pronounced variation in the ratio of thickness strain to width 
strain at width strain levels of up to 0.03 as shown by a 
deviation from linearity of the versus t relation. For 
t w 
specimens L2, L4 and T3 this appears as a short term deviation 
and the general trend is assumed after approximately 0.03 width 
strain. Figure 37 shows an example of this behaviour for 
specimen L4. 
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Continuously Monitored r-value 
Conventional r-value versus strain relationships exhibit a consistent 
variation in pla-stic strain ratio for all specimens. Changes in strain 
ratio become more gradual with increasing strain and tend toward a 
constant value. Variation in results is more obvious at strain levels up 
to 0.02 and appears to be related to th« non-zero intercept noted for the 
thickness versus width strain relationships. Those specimens exhibiting 
an apparent positive initial thickness strain also exhibit high initial 
r-values which rapidly decrease, apparently assymptotically, to steady 
values greater than 1 depending on the orientation. Refer to Figure 38 
(Specimen L2). Those specimens exhibiting an apparent negative initial 
thickness strain {L2, D1, T2) exhibit a low initial r-value which rapidly 
increases, apparently assymptotically, to steady values greater than 1 






































































































The following points should be noted in comparison with the r-value 
results. 
i) The instantaneous strain ratio ( Q ) does not exhibit the large 
variation seen for r at low strain levels up to 0.02. 
ii) There is significantly more variation over the full strain 
range from 0.02 to test termination. This variation is both short 
range (ie. from data point to data point ) and long range (ie. 
from a strain of 0.02 to test termination ). 
Figure 40 should be compared with the previous Figure 39 for the same 
specimen. 
In order to minimise the effect of the variation from data point to data 
point and thereby expose the underlying behaviour of the specimen, the 
"raw" extension data was smoothed using a nine point moving linear 
regression analysis as described in the appendix. Figure 41 should be 
compared with the previous Figures 40 and 39. 
It is apparent that smoothing does not remove all variation from the 
relationship and it appears that the plastic anisotropy of the steel 
actually varies throughout the strain range. It is also apparent that 
the behaviour is not markedly different at strain levels below 0.1 
(ignoring the initial transient effect) as suggested by the r-value 
results. 
Comparison of replicates using smoothed instantenous strain ratio ) 
versus strain relationships suggests thst there is a general tendency for 
^ to increase to a maximum level and then decrease. Those specimens 
strained beyond 'a' level of 0.14, (D3, D4, L3, L4, L5, T4, T5) exhibit a 
pronounced change in anistropy beginning at strain levels between 0.10 
and 0.18. This appears to be associated with the increased proportion of 
thickness strain apparent at these strain levels (refer v s £ ^ 
results). Figures 42 and 43 show this change for specimens L4 and T4 
respectively. Data for other specimens is given in Table 7 (two 
significant figures have been used for clarity). 
TABLE 7 Variation of Instantaneous Anisotropy with Strain 
,t £ = 
Specimen 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 
D1 1.2 1.2 1.3 1.3 1.2 1.2 1.3 
D2 1.3 1.4 1.5 1.5 1.4 1.4 1.3 
D3 1.6 1.5 1.5 1.5 1.5 1.4 1.4 1.2 1.1 1.0 
D4 1.3 1.3 1.3 1.4 1.2 1.0 1.0 1.1 1.2 1.3 
L2 1.5 1.5 1.6 1.6 1.7 1.6 
L3 1.7 1.9 2.0 1.9 1.7 1.3 
L4 2.2 1.9 2.1 1.9 1.9 1.8 1.8 1.7 1.6 1.1 
L5 2.1 2.0 2.1 2.0 2.0 1.9 1.7 1.7 1.6 1.4 
T1 1.8 1.9 2.1 2.5 2.6 
T2 1.5 1.9 2.1 2.0 1.9 
T3 2.4 2.6 2.8 2.5 2.5 
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EFFECT OF STRESS STATE ON STRAIN HARDENING 
The superimposed- uniaxial and biaxial stress versus strain relationships 
show the apparent variation in behaviour under uniaxial and biaxial 
testing conditions for nominally isotropic material at the same constant 
straining rate. Refer to Figures 44 and 45 for Hot Rolled Steel A with 
r = 0.90. 
The flow stresses for the Hot Rolled Steels under uniaxial and biaxial 
testing conditions at the same straining rate are similar at strain 
levels close to the onset of plastic flow and at strain levels close to 
the onset of instability under uniaxial testing. This may be seen by 
comparing Tables 2 and 4. 
For the Temper Rolled Steel it is apparent that for specimens oriented in 
the same direction, the biaxial flow stress is greater than the 
uniaxial. Refer to Figure 46. 
For both of the steel types studied it is the apparent presence of a 
variable strain hardening effect (which may be approximated by a 
two-stage representation) under biaxial testing conditions which is most 
striking. This change in behaviour appears to occur over the range of 
strain from 0.10 to 0.14 for Hot Rolled Steels and over a range of 0.14 
to 0.22 for the Temper Rolled Steel (refer to Table 2). Neither steel 
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RELIABILITY OF ETVIDENCE 
The steps taken to ensure that all equipment was calibrated before and 
after each set of tests and the consistency of the calibrations allowed 
confidence to be expressed in the test procedure. A comparison of 
replicate test results demonstrates that there is, at times, considerable 
variation in numerical values obtained, however a number of behavioural 
trends were observed both within and across steel type and specimen 
directional groupings. 
Although steel is regarded as a strain rate sensitive material ( a 
tenfold increase in strain rate produced an approximately 2.5% increase 
in flow stress for the Hot Rolled Steel A ), the variation of straining 
rate control achieved, with a final straining rate within 8% of the 
initial, is considered to be insignificant for the the purposes of this 
test series. This may be compared with the two orders of magnitude 
53 68 
recognised as being not unlikely in uncontrolled bulging tests 
MATERIAL 
Difficulty was encountered in obtaining perfectly isotropic metal however 
the Hot Rolled Steels can be considered to be nominally isotropic for the 
purposes of this test series. Although they possessed r-values of 0.90 
and 0.92, this would not be expected to result in significant variation 
in flow stress according to Hills criterion; 
(T = /((l+r)/2) (42) 
When r = 0.9 is substituted into this relationship it may be seen that 
the expected variation is 2.5% or approximately 10 MPa. Strain ratio 
test results for both steels were confirmed by tests carried out on the 
same steel samples under standard testing conditions at the BHP Flat 
products testing laboratory. Results are given on pages 54 and 55. 
PLASTIC BEHAVIOUR OF NEAR ISOTROPIC SHEET STEEL 
Although it is possible to check the strain analysis by measuring polar 
thickness, bulge testing presents a difficulty in the verification of 
stress measurements as this cannot be directly measured. The approach 
has been to develop equations for stress at the bulge pole using accurate 
derivations of polar thickness and effective meridional radius of 
curvature, and to apply these to test results. If agreement of these 
results with results obtained by conventional uniaxial techniques is 
achieved for isotropic steel, this would appear to be the best evidence 
that may be obtained to establish the validity of the calculated stress 
versus strain relationships. 
Comparison of results obtained using these techniques shows that the flow 
stress of near isotropic material is identical at low and high uniaxial 
strain levels. The deviation in behaviour in the intermediate strain 
range appears to be consistent with variable strain hardening in biaxial 
tension and monotonie strain hardening in uniaxial tension. Although 
obviously not strictly two-stage strain hardening as defined by equation 
(6), such a concept is useful as a simple description of the behaviour. 
Some variation fn' strain hardening rate is evident for a number of 
uniaxial test results for the Hot Rolled Steels, however this consists of 
a variation in strain hardening exponent of the order of 0.01. For the 
purposes of this study it is sufficient to note that the strain hardening 
rate is far more uniform than that under biaxial testing conditions. 
For the biaxial test results the most obvious result was the apparent 
variation in strain hardening which may be approximated by a two-stage 
87 
description. Although Atkinson has reported a two-stage strain 
hardening effect in biaxial testing, the difference in form of the stress 
versus strain relationship for specimens tested under uniaxial and 
biaxial testing conditions appears not to have been reported previously. 
In order to ensure that the strain analysis used for biaxial testing was 
not contributing to the apparent two-stage strain hardening effect the 
experimental data was re-analysed using the simpler and more widely used 
plane areal expansion strain analysis^^. The continued appearance of a 
two-stage effect showed that the strain analysis had not induced a 
spurious effect. Furthermore, comparison of calculated and measured 
bulge polar thickness confirmed the accuracy of the strain analysis at a 
strain of 0.6. 
It was considered also that the strain induced during the scalebreaking 
process (essentially a bending process) could have resulted in the 
apparent variation in strain hardening rate, however it should be noted 
that the effect of pre-strain may be described by a positive value of 
^ in equation (4) of Swift. This results in an apparent increasing 
strain hardening rate with strain as opposed to the apparent decreasing 
strain hardening' rate observed in these tests. 
The Hot Rolled Steel C material was ground on both surfaces to remove the 
most highly strained regions produced during the scalebreaking 
operation. After grinding, the most highly strained region had 
experienced a strain of approximately 0.3% decreasing to zero at the 
neutral plane. The results for this material are basically similar to 
those for the other Hot Rolled Steels. 
It is believed therefore that the stress versus strain relationships 
calculated for biaxial tension are accurate and that the apparent 
variation in strain hardening rate is not due to the strain analysis used 
or to the pre-strain of the materials. 
It remains then to consider that the apparent difference in behaviour 
between specimens strained using the uniaxial tensile test and the 
hydraulic bulge test is due to either the method of calculation or to a 
fundamental difference in behaviour dependent on testing method. 
Although the bulge test strain analysis was found to be accurate at test 
termination, where behaviour was also seen to be identical to uniaxial 
behaviour, the accuracy of the calculation throughout the test is 
unknown. Terminating the test at intermediate strains and comparing 
measured and calculated polar thicknesses could resolve this question. 
Perhaps more likely is that the behaviour is fundamentally different 
under balanced biaxial testing by hydraulic bulging compared to that 
under uniaxial tensile testing. Certainly the degrees of freedom 
available for di-slocation movement and deformation are different in the 
two tests as the bulge test constrains the specimen in two directions 
compared to one for uniaxial tensile testing. 
It is conceivable that dislocations could accumulate at a constraint 
before another deformation mechanism at a different energy level becomes 
dominant. The observation that the change in strain hardening rate is 
gradual before assuming a new, essentially constant, value would support 
this concept. 
PLASTIC ANISOTROPY 
The variation of plastic anisotropy was investigated to obtain a possible 
indication of changes in strain hardening behaviour which were not 
manifest in the flow stress. In an effort to identify the reason for the 
apparent difference in behaviour observed between testing methods it was 
determined to ascertain whether the extra degree of freedom available 
under uniaxial tensile testing allowed the specimen to deform in a 
fashion impossible in balanced biaxial tension. It was thus decided to 
determine whether the plastic anisotropy of the steel varied with strain 
and whether this could be related to the change in strain hardening 
behaviour observed. 
Although the level of plastic anisotropy was observed to vary throughout 
the strain range there appears to have been a more pronounced change 
begining at a strain of between 0.10 and 0.18. The observation that the 
change is sometiines delayed suggests that steels which do not exhibit a 
two-stage strain hardening may be those steels for which the change is 
delayed and difficult to detect. 
This change in plastic anisotropy has also been reported by Lake, Willis 
8 8 and Fleming . Their results are reproduced in Figure 47. 
Most specimens exhibited a non-zero intercept for the thickness strain 
42 
versus width strain relationship. This has also been reported by Liu 
88 and Lake et al 
w This non-zero intercept can also explain why even a linear vs 6 
relationship can appear as an assymptotic r-value vs length strain 
35 36 41 
relationship as described by early workers or linear over a 
42 43 
large strain range as reported by later workers . Figure 48 
demonstrates the different representations possible from the same data. 
It is postulated that the variation in behaviour (as shown by the non 
linear form of the ^ vs £ relationship) at low strain levels may be t w 
due to the initial stress state of the steel produced during temper 
rolling in which no width strain occurs. Although this material 
exhibited no yield point, this was achieved by temper rolling and not by 
extension beyond the yield point. Therefore the initial behaviour of the 
steel is likely not to equate to pure plastic behaviour. 
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FIGURE 4 7 Instantaneous r-value, r . as a function of length 







FIGURE 48 Different Representations of Identical Anisotropy Data 
The fluctuations observed in the instantaneous anisotropy appear also to 
42 have been observed by Liu who dismissed them as experimental scatter 
44 and Welch Ratke and Bunge who smoothed them out by fitting a cubic 
8 8 
spline to the en-tire data range. Lake et al , who also smoothed more 
"gently" with a moving polynomial regression also reported similar 
fluctuations. They concluded that some variation in anisotropy remained 
after smoothing but could not account for this in terms of steel type or 
processing history. It has not been determined whether these apparent 
variations are due to errors, inadequate precision in the measurements or 
whether the test pieces are exhibiting non uniform behaviour; a 32. 
possibility as noted by Atkinson 
PLASTIC BEHAVIOUR OF ANISOTROPIC SHEET STEEL 
Again, the apparent two-stage strain hardening behaviour was apparent 
under biaxial testing conditions and not apparent under uniaxial testing 
conditions however the transition occurred at a slightly higher strain 
(0.14 to 0.18) than for the isotropic material. 
The finding that the flow stress under biaxial testing conditions was 
greater than the flow stress under uniaxial conditions is widely 
reported, however the effect of plastic anisotropy could not account for 
the difference observed using Hill's 1948 or 1979 criteria (equations 42 
& 43 with m = 2 for low carbon steel). Table 8 shows actual and 
predicted values of stress at various strain levels. 
8 Comparison of Predicted & Actual Behaviour 
of Anisotropic Steel 
Average Stress 
Strain Uniaxial Biaxial(predicted) (actual) 
0 . 0 5 
0.10 
0 . 1 5 
0.20 
0 . 2 5 
0 . 0 5 
0 . 1 0 
0 . 1 5 
0.20 

































5 9 80 This is in agreement with the results of Ilahi and Roberts et al 
who have also reported that the Hill criterion does not describe the 
variation in flow stress between uniaxial and biaxial tension. 
The variation of measured behaviour as a function of extensometer 
alignment is considered significant as it suggests a non uniform (ie non 
spherical) deformation of the bulge polar cap for anisotropic material. 
This phenomenon has not been reported previously but is supported by the 
facts that the bulge (as a whole) is not spherical and that anisotropy 
will result in deformation of the sheet varying according to orientation 
to the rolling direction. This is in conflict with the view that the 
polar region is in practice spherical, however the small number of 
results available does not allow any conclusion to be drawn on this 
subject... 
NORMALISED COMPLIANCE 
It was hoped that the normalised compliance versus strain relationships 
would reveal any change in strain hardening behaviour, however, except 
possibly for the diagonal specimens under uniaxial testing conditions, 
the relationship does not exhibit the discontinuity expected for a sharp 
change in strain hardening rate. The non-linearity of the normalised 
compliance versus strain relationships is also not consistent with simple 
descriptions of strain hardening adopted for ductile low carbon steels. 
For the purposes of this study, normalised compliance was not found to 
contribute any information not revealed in other relationships. 
CONCLUSION 
The behaviour of.a near isotropic steel has been observed under 
strict uniaxial and biaxial tensile testing conditions, 
incorporating accurate measurement and a constant straining rate. 
The resulting stress versus strain relationships for this steel 
appear to be identical at low and high strain levels. 
Plastic behaviour consistent with two stages of strain hardening has 
been observed for biaxial tension but not for uniaxial tension. 
The behaviour of an anisotropic sheet steel has also been observed 
under uniaxial and biaxial tensile testing conditions. The 
difference in the plastic flow stress between uniaxial and biaxial 
straining conditions for this material is not explained by the 
common Hill (1948) yield criterion and invites further investigation 
The ratio of lateral strain during uniaxial tensile deformation has 
shown variation throughout the strain range and, for a number of 
specimens, a distinct variation at a strain level corresponding to 
the transition in strain hardening behaviour observed for hydraulic 
bulging. 
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APPENDIX 
SIGNAL SMOOTHING- ' 
It was the object of this study to detect small changes in plastic 
behaviour. To achieve this it was necessary to gather a large number of 
data points at small strain intervals but this made the results, and 
particularly those involving rates of change with strain such as 
normalised compliance; (TdS/dcrand instantaneous strain ratio; 
d8 /d£ , extremely sensitive to signal noise, w t 
For this reason it was necessary to smooth the initial signal data before 
calculation of instantaneous strain ratio and normalised compliance. All 
other relationships used unsmoothed data. 
Initially data was smoothed using a polynominal regression analysis 
89 
computer program developed by Atkinson , however it was found that the 
output became unstable over part of the data range. 
In order to ensure that the smoothing technique was valid the raw data 
was smoothed by fitting various moving regression analyses. The 
differences between smoothed and unsmoothed values were then subjected to 
a frequency analysis using fast fourier transforms to identify any 
recurring frequency influence which could be attributed to the smoothing 
process. 
Figures I and II show the effect of fitting a moving polynomial 
regression analysis to the measured data. Figure I describes data 
fitted with an li-point polynomial regression analysis and shows a 
large frequncy effect at approximately 11 data points per cycle as 
well as random noise. Figure II describes data fitted with a 
9-point moving polynomial regression. Again a pronounced frequency 
effect at approximately 9-data points per cycle is apparent. 
« 
The scale of the graphs is given in proportion to the maximum value 
shown at the top right of the lower graph. This value is 
statistically related to the "amplitude" of the signal having the 
greatest recurring influence on the data. A low value indicates a 
minor frequency effect. 
FIGURE I Stability of smoothing - 11 pt polynomial regression 
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9 do-icx poinls/cucle. 
From these results it was concluded that the moving polynomial 
regression analysis was having the effect of aliasing the results 
and a simple linear regression was assessed. 
As the raw data signals were approximately linear over short ranges 
a moving linear regression analysis of the form: y = A+Bx was used 
where 
B = "SI xy - X x . X ^ 
2 2 n Z x - (Z!x) 
A = ZIy - Bx 
FIGURE III demonstrates the method employed to determine each 
subsequent smoothed data point (using 3 points). 
range for yn+i, 
rang^ for yn 
M i > ' 
X n Xn + 1 
n + 1 
Figure IV shows the deviation of the raw data from a moving 9pt 
linear regression-anlysis over the full data range. No single 
frequency is dominant and higher frequency terms are significant 
suggesting a random distribution of data. The abscence of any low 
frequency (ie. low harmonic) effect also suggests that the linear 
assumption is correct. 
< 
FIGURE rv Stability of smoothing - 9 pt linear regression 
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